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Abstract

Graph theory offers a powerful framework for modeling relationships among entities; in dentistry, for
example, it can represent connections between teeth or other oral structures. A hypergraph extends the
classical graph by allowing hyperedges to join more than two vertices, thus capturing complex multiway
interactions. A superhypergraph builds on this idea by introducing recursively nested powerset layers,
enabling hierarchical and self-referential relationships among hyperedges. In parallel, hypernetworks and
superhypernetworks generalize network models to these richer connectivity patterns. And a Bayesian
network is a directed graph where nodes represent random variables and edges encode conditional
dependencies via probability distributions.

In this work, we introduce the concepts of Bayesian hypernetworks and Bayesian superhypernetworks,
which extend Bayesian networks by leveraging hypernetwork and superhypernetwork structures. These
novel frameworks enhance the ability to model hierarchical and intricate real-world phenomena, offering
significant advantages for complex decision-making and inference. We anticipate that their integration
into Bayesian network theory and artificial intelligence will open new avenues for advanced probabilistic
modeling and analysis.
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1|Preliminaries

This section provides an overview of the fundamental concepts and definitions essential for the discussions in
this paper. All concepts considered herein are assumed to be finite. Furthermore, unless otherwise specified, n is
assumed to be a natural number.
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1.1|SuperHyperGraph

Graph theory offers a powerful framework for modeling relationships among entities; in dentistry, for example, it
can represent connections between teeth or other oral structures [1, 2]. In classical graph theory, a hypergraph
extends the idea of a conventional graph by permitting edges—called hyperedges—to join more than two vertices.
This broader framework enables the modeling of more intricate relationships between elements, thereby enhancing
its utility in various fields [3, 4, 5]. A SuperHyperGraph is an advanced extension of the hypergraph concept,
integrating recursive powerset structures into the classical model. This concept has been recently introduced
and extensively studied in the literature [6, 7, 8, 9, 10]. Including related concepts, we describe them below.

Definition 1 (Base Set). A base set S is the designated set from which subsequent constructions (e.g.,
powersets and hyperstructures) are formed. Formally,

S = {z | lies in the specified domain }.

All elements of constructions such as P(S) and P, (S) ultimately originate from elements of S.

Definition 2 (Powerset). [11] The powerset of a set S, denoted P(S), is the set of all subsets of S:
P(S) .= {A]|ACS}.
It contains both ) and S itself.

Definition 3 (n-th Powerset). (cf. [12, 13, 14]) For a set H and n € Ny, the iterated (or n-th) powerset is
defined recursively by

Po(H) := H,  Pnpi(H) = P(Pu(H)).
We also write P"(H) for P,,(H). The nonempty iterated powerset is obtained by removing the empty set at
each step:

PH(X) = P(X)\{0},  Pi(H) := P"(H), i1 (H) = PY(Pi(H)).

Example 1 (Second Powerset and o-Algebras in a Coin Toss). Let the sample space for a single fair coin toss
be
Q={H, T}.
The first powerset,
P1(Q) =P(Q) = {0, {H}, {T}, {H, T}},

is the family of all events. The second powerset,

Pa(Q) = P(P1()),

is the set of all collections of events; among these, the collections that satisfy the axioms of a o-algebra are
precisely the o-algebras on 2. For example,

Fuivial = {0, {H, T}} € P»(Q), Fran = P1(2) € P2(Q).

Here Fiivial and Fry1 denote the trivial and full o-algebras on €2, respectively. Thus, the second powerset
naturally organizes the possible choices of measurable event families in probability theory.
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Definition 5 (Hypergraph). [15, 16] A hypergraph is a pair H = (V| E)) where
I. V is a nonempty (here: finite) set of vertices;
I.LE CP(V)\{0} is a family of nonempty subsets of V, whose elements are called hyperedges.

Thus, each hyperedge is a collection of vertices, allowing higher—order (multiway) relations.

Definition 6 (n-SuperHyperGraph). [17, 6] Let V; be a finite base set and define the iterated powersets
PO(Vo) :=Vo,  PH (V) :=P(P*(Vo)) (k>0).
An n-SuperHyperGraph (with n € N) is a pair
SuHyG™ = (V, B),

where the n-supervertex set V satisfies V- C P™(Vp), and the n-superedge set is a family of nonempty subsets of
V.
ECP(V)\{0}.

Hence each e € E is a set whose elements are n-supervertices (i.e. members of V' C P™(1})).

Example 2 (2-SuperHyperGraph of Dice Events). Let the sample space for a fair six—sided die be
Vo ={1,2,3,4,5,6}.
Consider three 2-supervertices (elements of P?(Vy) = P(P(Vp))):
U1 = {{1,2}»{3,4}},
va = {{2,3},{5,6}},
vy = {{1,2},{5,6}}.

Set V2 := {v1,v9,v3} C P?(Vp). For each v € V() define its induced event (a subset of Vp)
Uw) = |J A
Explicitly,
U(Ul) = {172’374}7 U(UQ) = {2,3,5,6}, U('U3) = {1a275;6}~

Define the 2-superedges to link supervertices with overlapping induced events:

E(Q) = {{’Uh’Ug}, {Ug, 7}3}} Q ’P(V(Q)) \ {[Z)}
Equip each superedge with the probability weight of the overlap under the uniform die:
_ |U) nU(w;)]

w({vi,vj}) = ]P(U(Ui) N U(vj)) —
Therefore
U(v)) NU(v2) ={2,3} = w({v,v2}) =2 =1,
U(vz) NU (v3) = {2,5,6} = w({ve,v3}) =3 = 3.
Thus

SuHyG® = (V(Z), E(Q))

is a 2-SuperHyperGraph with E(?) C ’P(V(Q)), capturing hierarchical event collections as vertices and their
probabilistic overlaps as superedges.

Example 3 (A 3-SuperHyperGraph in Probability: Families of o-algebras). Let the sample space for two fair
coin tosses be

Vo = Q = {HH, HT, TH, TT}.
Level 1 objects are events (subsets of ), i.e. elements of P1(Q2) = P(Q).

Level 2 (collections of events). Among all collections in P2(Q2) = P(P(f2)), consider the following o-algebras:
]:triv = {(2)7 Q}; ]:1 = {(2)7 Q> {HHa HT}) {TH7 TT}}7
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Fo={0,Q,{HH, TH}, {HT, TT}},

where F; = o(first toss) and F» = o(second toss).

Level 3 (families of o-algebras). Form 3-supervertices as sets of o-algebras, i.e. elements of P3(Q) =
P(P*(Q)):
Sa = {Friv, F1} Sp = {Frivs F2}, Sc = {F1, F2}, Sp = {Fuiv, F1, Fa}-
Set
V :={S4,88,5¢,5p} € P*().

3—superedges. For each g-algebra F € {Fiyiv, F1, Fa}, let the hyperedge collect all 3—supervertices that contain
F:
er = {SeV:FeS} e PV)\{0}.
Explicitly,
ewriv = 154,58, 5D}, e1 ={9a,5¢,5p}, e2 = {SB,Sc,Sp}-
Define the 3—superedge set
E :={ewiv, €1, e2} € P(V)\ {0}.

Conclusion. The pair

SuHyG® = (V, E)
is a 3-SuperHyperGraph in the sense of the definition: V' C P3(Q), and each e € E is a nonempty subset of V.
Interpretationally, level 1 objects are events, level 2 objects are o-algebras (information structures), and level 3
vertices are families of such information structures; the superedges group together families sharing a common
o-algebra (e.g. o(first toss)).

1.2|HyperNetwork and SuperhyperNetwork

A hypernetwork is a graph generalization where hyperedges connect any number of nodes, enabling modeling of
multiway relationships beyond pairwise edges. An n-superhypernetwork uses vertices and hyperedges drawn
from the n-th iterated powerset of a base node set to model nested, hierarchical groupings. The definitions of
HyperNetwork and SuperhyperNetwork are presented below [18].

Definition 7 (Hypernetwork). [18] A hypernetwork is an ordered triple
H= (V7 g, w)
where
|. V is a nonempty finite set of nodes;

I1.€ CP(V)\{0} is the set of hyperedges, each hyperedge e € £ being a nonempty subset of nodes (allowing
multi-node interactions);

. w: & = Rxq is a weight or attribute function on hyperedges (omitted if unweighted).

A directed hypernetwork may be defined by replacing & C P(V) with a set of ordered tuples of nodes or by
equipping each e € £ with a head-tail partition. One can further add a node-labeling ¢y : V — Ly and a
hyperedge-labeling Lg : £ — Lg to record types or properties.

Example 4 (Project Team Hypernetwork (Real-World Collaboration)). Let the node set be employees
involved in a product cycle:

V = {Alice, Bob, Carol, Dan, Emma}.
Define hyperedges as project teams (multi-person collaborations), with weights equal to the number of weeks the
team worked together:

E= {edev = {Alice, Bob, Carol}, eops = {Bob,Dan}, éresearch = {Carol, Dan, Emma}, ejauncn = {Alice, Dan,Emma}}.
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Let

w(edev) =12, w(eops) =9, w(eresearch) =1, w(elaunch) =3.
Then the hypernetwork H = (V, €, w) captures real team interactions where each hyperedge represents a project
team and its duration.

Definition 8 (n-SuperHypernetwork). [19, 20, 18] Let V; be a finite base set of nodes. Define the n-th
iterated powerset recursively by

POVo) = Vo,  PMI(V) = P(PH(Vo)) (k> 0).
An n-superhypernetwork is a tuple
N = (V, £, w)
where
l. V CP*(V) is a finite set of n-supernodes;
. & C P*(Vp) is a finite set of n-superedges, each superedge e € £ being a nonempty subset of V;

. w: &€ — Rxg is an optional weight function assigning a nonnegative real weight (or confidence) to each
superedge.

In other words, both vertices and hyperedges of the network are drawn from the n-th powerset of the base node
set, capturing up to n levels of hierarchical grouping.

Example 5 (2-SuperHypernetwork of University Module Clusters). Let the base set of courses be
Vo = {Math, Physics, CS}.

We form the second iterated powerset P?(Vy) = P(P(Vp)), whose elements are nonempty collections of nonempty
course-sets. Choose the following 2-supernodes:

uy = {{Math, Physics} },
uy = {{Physics, CS}},
uz = {{Math, Physics}, {Physics, CS}}.
Here:
|. wuy represents the “Math& Physics” module,
[1. us represents the “Physics& CS” module,
I11. us represents the combined cluster of those two modules.
Define the 2-superhypernetwork
N® = (V, g, w), V ={u1,us,us}, &€= {{Ul,Ug}},
where the single superedge connects the two module supernodes u, us.
Assign a weight function w encoding student enrollment overlap:
w({u1,us}) = |[{students enrolled in both modules}|.
For example, if 30 students take both “Math & Physics” and “Physics & CS,” then w({uy,us}) = 30.

Thus A ® models hierarchical grouping of courses into modules and clusters, with hyperedges capturing the
overlap in student participation across modules.

Example 6 (University Programs as a 3—SuperHypernetwork (Hierarchical Curricula)). Let the base set of
courses be
Vo = {CS101, CS102, MATH101,STAT201, ECON101, PSY101}.

Level 1 (bundles of courses):
By = {CS101,CS102}, B, = {MATH101, STAT201},
Bs = {ECON101,PSY101}, B, = {CS101, STAT201}.
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Level 2 (programs as sets of bundles):
P, ={By, By}, P = {By, B4}, P, ={Bs}.
Level 3 (tracks as sets of programs):
Sa ={Pa, Ps}, Sp ={Ps, Py}, Sc ={Pa, Py}.

Set the 3-supernode set V = {Sa, Sp, Sc} C P3(Vo). Define 3-superedges between tracks that share at least
one program:

€={{84,88},{54,Sc}. {88, Sc}} € P(V)\{0}.
Equip each superedge with the weight

w({S;,9;}) = | S;NS;| (number of shared programs).
Since
SaNSp = {Pg}, SaNSc = {Pa}, SpNSc = {P,y},
we have
w({Sa,58}) = w({54,5¢}) = w({Sp, Sc}) = 1.
Thus the 3-superhypernetwork ') = (V, €, w) models a real academic setting: courses — bundles — programs
— tracks, with superedges encoding shared curricular structure.

1.3|Bayesian Network
A Bayesian network is a directed graph where nodes represent random variables and edges encode conditional

dependencies via probability distributions [21, 22, 23, 24].

Definition 9 (Directed Acyclic Graph). (cf.[25, 26]) A directed acyclic graph (DAG) is a pair G = (V, E)
where V = {X3,...,X,} is a finite set of nodes and E C V x V is a set of directed edges X; — X, such that
no sequence of edges forms a cycle. The nodes represent random variables, and an edge X; — X indicates that
X; directly influences X;.

Definition 10 (Bayesian Network). (cf.[27, 28, 29, 30, 31, 32, 33]) A Bayesian network over variables
V ={Xi1,...,X,} is a pair B = (G, 0) where:

(1) G=(V,E) is a DAG.

(2) For each i, Pa(X;) C V' \ {X;} denotes the parents of X; in G.

(3) © = {0x,|pa(x,)} is a collection of conditional probability distributions. Each

Ox,|Pa(x,) : Dom(Pa(X;)) — A(Dom(X;))
assigns to each configuration pa, of the parents a probability mass function over the states of Xj.
Example 7 (Lung Cancer Diagnosis Bayesian Network). Consider the following medical diagnosis scenario
with five binary random variables:
V' = {Smoker, Pollution, Cancer, XRay, Dyspnea},

each taking values in {True,False}. We define a Bayesian network B = (G, ©) as follows:

Structure GG. The DAG over V has edges:

Smoker — Cancer, Pollution — Cancer, Cancer — XRay, Cancer — Dyspnea.

Parameters O.

I. Prior for Smoker:

P(Smoker = True) = 0.30, P(Smoker = False) = 0.70.
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Il. Prior for Pollution:

P(Pollution = True) = 0.90, P(Pollution = False) = 0.10.

I11. Conditional for Cancer given its parents:

‘ Pollution = False Pollution = True
Smoker = False 0.001 0.03
Smoker = True 0.05 0.10

where each entry is P(Cancer = True | Smoker, Pollution).
IV. Conditional for XRay given Cancer:
P(XRay = True | Cancer = True) = 0.90, P(XRay = True | Cancer = False) = 0.20.

V. Conditional for Dyspnea given Cancer:

P(Dyspnea = True | Cancer = True) = 0.65, P(Dyspnea = True | Cancer = False) = 0.30.

Joint Factorization. By the Bayesian network structure, the joint distribution factorizes as
P(Smoker, Pollution, Cancer, XRay, Dyspnea) = P(Smoker) P(Pollution)
P(Cancer | Smoker, Pollution) P(XRay | Cancer)
P (Dyspnea | Cancer).

This network captures how smoking and pollution jointly influence cancer risk, which in turn affects test results
and symptom presence.

2|Results of this Paper

In this paper, we present the definitions and key properties of Bayesian-HyperNetworks and Bayesian n-
SuperHyperNetworks.

2.1|Bayesian-HyperNetworks

A Bayesian HyperNetwork extends Bayesian networks with directed hyperedges representing conditional distri-
butions over multiple child variables given multiple parent variables.

Definition 11 (Directed Acyclic Hypergraph). (cf.[34, 35]) A directed acyclic hypergraph (DAHg) is a pair
H = (V, &) where:

| V={X1,...,X,} is a finite set of nodes (random variables).

1. € CP(V)xP(V)is a set of directed hyperedges. Each hyperedge (U — W) € £ has a nonempty tail
U CV and a nonempty head W C V', and no sequence of hyperedges forms a directed cycle.

Example 8 (ETL/ML Data Pipeline as a Directed Acyclic Hypergraph). Consider an analytics workflow
where datasets and artifacts are produced in stages. Let each node be a Bernoulli random variable indicating
the availability of a dataset/artifact:

V= {XRaW7 XUserSa XCleam XFeat, XM0d817 XPreda XDash}~

Interpretations:
XRaw : raw logs available,  Xuygers : user table available,

XClean : cleaned events ready, Xpeat : feature set built,
XModel : trained model ready, Xpreq : batch predictions ready,

XDash : business dashboard refreshed.
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Define directed hyperedges £ C P(V) x P(V) to encode multi-input — multi-output production steps:
e1 = ({Xraw, XUsers} = {Xclean})
e2 = ({Xcrean} — {Xreat}),
es = ({Xreat} = {XMode1}),
es = ({XmModels Xclean} = {Xprea}),
e5 = ({Xpred, XUsers} = {XDasn})-
Set £ = {e1,e9,€e3,¢e4,€5}.
Acyclicity. Define a level function L : V — N by
L(XRaw) = L(Xusers) = 0, L(Xctean) = 1, L(Xreat) = 2, L(Xmode1) = 3, L(Xprea) = 4, L(Xpasn) = 5.
For each hyperedge (U — W) € &,
max L(u) < ur;%lv% L(w),

so no directed cycle can occur. Hence H = (V,£) is a directed acyclic hypergraph representing a real-world
data pipeline: raw inputs and reference tables — cleaned data — features — trained model — predictions —
dashboard.

Definition 12 (Bayesian HyperNetwork). A Bayesian HyperNetwork is a pair BHN = (H, ©) where:

I. H=(V,€) is a directed acyclic hypergraph.

. © = {Owy : Dom(U) — A(Dom(W))}w—w)ee assigns to each hyperedge (U — W) a conditional
distribution of the head variables W given the tail variables U.

The global factorization over all variables in V' is
rv)y= [ Pwiv)= ] OwoW.U)
(U—-W)eé
Example 9 (Bayesian HyperNetwork for Medical Diagnosis). Consider three binary random variables:
V = {Fever, Cough, Disease},

each taking values in {Yes,No}. We model their joint distribution with a Bayesian HyperNetwork BHN = (H, ©)
defined as follows:
Hypergraph H.

H=(V,E), &=/{({Fever}— {Fever}), ({Cough}— {Cough}), ({Fever, Cough}— {Disease})}.
Here we use two trivial hyperedges to represent root marginals, and one nontrivial hyperedge {Fever, Cough} —

{Disease} for the diagnosis.

Parameter set ©.

I. Marginal for Fever: 0 (Fever}|{Fever} With
P(Fever = Yes) = 0.10, P(Fever = No) = 0.90.

Il. Marginal for Cough: ;cough}|{Cougn} With
P(Cough = Yes) = 0.15, P(Cough = No) = 0.85.

II. Conditional for Disease: 0{pisease}|{Fever,Cough} iven by

‘ Cough = No Cough = Yes
Fever = No 0.01 0.05
Fever = Yes 0.30 0.90

where each entry is P(Disease = Yes | Fever, Cough).
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Global factorization. The joint probability factors as
P(Fever, Cough, Disease) = P(Fever) P(Cough) P (Disease | Fever, Cough).

This Bayesian HyperNetwork captures both simple marginals (via trivial hyperedges) and the complex dependence
of disease on symptoms (via a directed hyperedge from {Fever, Cough} to {Disease}).

Theorem 1. Fuvery Bayesian network and every (undirected) hypernetwork can be embedded as a special case
of a Bayesian HyperNetwork.

Proof: (a) Generalizing Bayesian networks. If we restrict £ to hyperedges ({X;} —{X;}) of size two and
let each 6;x y|(x,} coincide with the CPT P(X; | X;), then BHN reduces exactly to a Bayesian network over
the same DAG structure.

(b) Generalizing hypernetworks. If we take each |y to be the trivial distribution assigning probability
one to a single state of W (i.e. no uncertainty), then the joint factorization imposes no probabilistic constraints,
and BHN collapses to the underlying directed acyclic hypergraph H. Hence every hypernetwork (when oriented
and acyclic) is recovered.

2.2|Bayesian n-SuperHyperNetworks

A Bayesian n-SuperHyperNetwork generalizes hypernetworks further by using n-th level superedges to specify
conditional distributions among hierarchical groups of variables.

Definition 13 (Bayesian n-SuperHyperNetwork). A Bayesian n-SuperHyperNetwork is a pair BnSHN =
(NHN™ ©) where:
. NHN™ = (V,€,w) is an n-SuperHyperNetwork.
Il. © = {0w v : Dom(U) — A(Dom(W))}w—w)ee assigns to each n-superedge (U — W) a conditional
distribution over the n-supernodes W given U.

The joint distribution factorizes as

pv)y= ] PWw|U).

Example 10 (Bayesian 2-SuperHyperNetwork for Symptom Cluster Diagnosis). Let the base set of binary
symptoms be

Vo = {Fever, Cough, Fatigue},
each taking values in {Present, Absent}. The second powerset P?(V}) consists of nonempty subsets of nonempty
subsets of V. We select the following 2-supervertices:

V = {uy = {{Fever}, {Cough}}, wus = {{Cough}, {Fatigue}}, wu3 = {{Fever}, {Fatigue}}}.
Each u; represents a “two-symptom cluster” event. Define a single 2-superedge:
e = {Ul,UQ} — {Ug},

indicating that the joint presence of clusters {Fever, Cough} and {Cough, Fatigue} influences the cluster
{Fever, Fatigue}.

We assign a weight function w(e) =1 (ignored for inference) and specify the conditional distribution
0 {us}|{ur,us} : {Present,Absent}”> — A({Present, Absent})

as follows:
P(u3 = Present | u; = Present, us = Present) = 0.80,

(U3 = Present | u; = Present, us = Absent) = 0.30,
(U3 = Present | u; = Absent, us = Present) =0.25,

uz = Present | u; = Absent, us = Absent) = 0.05,
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with the complementary probability for Absent. The joint distribution over all 2-supervertices factorizes as
P(uy,ug,uz) = P(u1) P(uz) P(us | u1,uz),

where P(uq) and P(ug) are prior marginals (e.g. set to 0.2-0.4 based on epidemiological data).

This Bayesian 2-SuperHyperNetwork models how overlapping two-symptom clusters combine to influence the

emergence of another cluster, capturing hierarchical interactions in medical diagnosis.

Example 11 (Bayesian 2-SuperHyperNetwork in Supply Chain Reliability). Let the base set of suppliers be
Vo = {S1, S2, S3},
each with a binary state {Up,Down}. We form the second iterated powerset P?(Vy) and choose three 2-

supervertices:
uy = {{Sl}, {82}},
uz = {{S2}, {S3}},

Uus = {Ul, UQ}.
Here uy represents the cluster of suppliers S1 and S2, uy the cluster of S2 and S3, and ug the meta-cluster
combining those two clusters.

Define the directed 2-superhypergraph
NHN® = (V,&,w), V ={ui,uz,us}, &={({ur,u2} — {us})},
with trivial weight w = 1.
Assign the parameter set © as follows:
|. Prior reliability of cluster ui: 6,,)9: P(u1 = Up) = 0.90, P(u; = Down) = 0.10.
Il. Prior reliability of cluster us: 0y,p: P(u2 = Up) = 0.85, P(uy = Down) = 0.15.
I11. Conditional reliability of meta-cluster uz given uy, us:

Ouus | {ur uz} (U3, U1, u2) = P(ug = Up | u1,uz),

with
‘ uz = Down wup = Up
u1 = Down 0.20 0.50
u; = Up 0.60 0.95

and complementary probabilities for u3 = Down.
The joint distribution factorizes as
P(uy,us,uz) = P(uy) P(us) P(ug | ul,U2),
which models how individual cluster reliabilities propagate through the hierarchical network to determine overall

system reliability.

Example 12 (Bayesian 2-SuperHyperNetwork for Financial Portfolio Risk). Let the base set of assets be
Vo= {Aa Ba C}a

each with binary return state {High,Low}. We form the second iterated powerset P?(Vy) and select three

2-supervertices:
ur = {{A}, {B}},
uz = {{B}, {C}},
us = {{A}, {C}}.

Here uy represents the cluster of assets A and B, us the cluster of B and C, and w3 the cluster of A and C.
Define the directed 2-superhypergraph
NHN®) = (V, 5,w), V ={ur,us,usz}t, & ={({ur,uz}t = {us})},
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with uniform weight w = 1.
Assign the parameter set © as follows:
I Prior marginal for u;:

P(uy =High) = 0.55, P(uy = Low) = 0.45.

Il. Prior marginal for us:

P(u2 = High) = 0.60, P(u2 = Low) = 0.40.

I1l.Conditional distribution for uz given wuy, uso:

0 (s s} = P (uz = High | ur,uz),
specified by
‘ uz = Low wuo = High
uy = Low 0.20 0.50
u; = High 0.65 0.95
with complementary probabilities for uz = Low.

The joint probability over all 2-supervertices factorizes as
P(ul,u2,u?,) = P(ul) P(UQ) P(U3 | ul,u2).

This Bayesian 2-SuperHyperNetwork models how the performance clusters of assets A/B and B/C combine to
influence the risk cluster of A/C, capturing hierarchical dependencies in portfolio risk assessment.

Theorem 2. Bayesian n-SuperHyperNetworks simultaneously generalize Bayesian networks, Bayesian
HyperNetworks, and n-SuperHyperNetworks.

Proof: BnSHN reduces to:
I. A Bayesian HyperNetwork when n = 1 (since §*(Vo) = (Vp)).
Il. A Bayesian network when n = 1 and all hyperedges have tails and heads of size one.
IIl. An n-SuperHyperNetwork when each 0y is trivial (unit mass).

Thus all three structures arise as special cases.

Theorem 3 (Local Markov Property). Let BnSHN = (NHN(”)7 0©) be a Bayesian n-SuperHyperNetwork on
supernodes V' and superedges £. For any supernode W € V' with parent supernodes Pa(W) = U, define the set
of non-descendant, non-parent supernodes as

ND(W) = V \ (Desc(W) U Pa(W)).
Then
W 1 ND(W) | Pa(W)
in the joint distribution P(V) = H P(X|U).

Proof: By construction, the joint density factorizes as
rv)= [ PxIU).
(U—=X)e&
Consider the conditional distribution of W given all other supernodes:
PV)

PW | V\{W}) = NI P(W | Pa(W)),
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because only the factor P(W | Pa(W)) involves W; all other factors either do not depend on W or cancel in the
normalization. Hence, once Pa(W) is known, W is independent of every other supernode not in Desc(WW) or
Pa(W), ie. W LL ND(W) | Pa(W).

Theorem 4 (Global Markov Property). Let A, B,C CV be disjoint sets of supernodes. Form the moral
graph of NHN™ py

I. Replacing each directed hyperedge (U — W) by undirected edges between every pair in U U W.
. “Marrying” all parents in U (making U a clique) and dropping edge directions.

If every undirected path from any a € A to any b € B intersects C, then in the joint distribution,
A 1l B|cC.

Proof: The moral graph construction ensures that all conditional dependencies implied by directed hyperedges
are represented as undirected connections. A classic separation argument in undirected graphs then applies: if C
blocks all paths between A and B, no factor in the factorization can transmit probabilistic influence between
them once C is observed. Therefore P(A,B | C) = P(A|C)P(B | C), establishing A 1l B | C.

Theorem 5 (Parameter Independence under Dirichlet Priors). Assume each conditional distribution Oy i
in © has a conjugate Dirichlet prior

Ow i ~ Dir(ayl, : w € Dom(W)).

Given independent data counts Ny, ., for each configuration (U = w), the posterior factorizes as

p(® | {Nw,u}) = H Dir(aw\u + Nw,u TwE DOHl(W))

Proof: Because the joint likelihood factorizes H(UHW) Hw’u Ow o (w | u)Nw.w and each prior over Ow o is
Dirichlet, posterior conjugacy implies

pOwie | {Nwu}) o [T]OwiorCw [ w1 [T owiw(w | )N+ = Dir(awp + Nusa).
w,u w,u
Since factors share no parameters, the full posterior factorizes across hyperedges.

Theorem 6 (Consistency under Aggregation). If two Bayesian n-SuperHyperNetworks BnSHN; and BnSHN,
share the same hypergraph structure but differ in variable granularity—where BnSHNy coarsens supernodes of
BnSHN; —then marginalizing the finer network over the aggregated states recovers the coarser network’s joint
distribution.

Proof: Aggregation corresponds to summing out detailed supernodes in the factorized distribution of BnSHNj; .
Because the factorization aligns with the coarser network’s hyperedges (which are unions of fine-level hyperedges),
the resulting marginalized distribution has the same factorization as BnSHNg, ensuring consistency.

3|Conclusion

In this work, we introduced the concepts of Bayesian hypernetworks and Bayesian superhypernetworks, which
extend Bayesian networks by incorporating hypernetwork and superhypernetwork structures. In the future, we
expect further research on extended concepts of Bayesian hypernetworks and Bayesian superhypernetworks using
Fuzzy Sets[36], Intuitionistic Fuzzy Sets[37], Neutrosophic Sets[38, 39], and Plithogenic Sets[40], as well as the
design of graph algorithms, computational experiments with datasets, and the formal definition of operations.
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